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L I AN IMPROVED THEORY FORMICROSTRIP ANTENNAS AND APPLICATIONS

S An improvement to a recently reported theory for the analysis of the pattern and im-
pedance loci of microstrip antennas is developed. It yields a theory which is simple and
inexpensive to apply. The fields in the interior of the antennas are characterized in
terms of a discrete set of modes. The poles corresponding to these modes are complex
and depend on the losses in the antenna. The representation of the fields in terms of
these modes is rigorous only for a bona fide cavi ty with no copper loss. The proper
shift in the complex poles due to the addition of copper and radiative losses is approxi-
mated by lumping the latter two together with the dielectric loss to form an effective
loss tangent. By so doing, it is found that the resulting expressions for impedance of
the microstrip antenna are in good agreement with measured results for all modes and
feed locations. The theory is applied to the evaluation of impedance variation with feed
location, multiport analysis, and to design of circularly polarized microstrip antennas .

1. INTRODUCTiON

A number of recent papers have appeared on the subject of impedance and pattern prediction

for microstrip antennas 11-51. These papers represent basically four diffe rent approaches to the problem
S 

with differing degrees of flexibility, accuracy, and computational effort. The simplest approach , appli ca-

ble to only rectangular microstrip antennas (1,2,31 involves treating the radiative properties of the latter

~
. as two parallel radiating slots interconnected by a low impedance transmission line. This approach will S

give fair agreement with the expenmentiment in 12) as long as the feed point is chosen near one of the

two ‘radiating edges,” such as point 3 in Fig. la (in the 0, 1 mode). However, if the feed is moved to
S some point between the edges, such as point I or 2 of the same figure , the theory predicts a locus sym- S

metric about the real axis of the Smith chart . This is in contras t to the experimental results which

show a strong shift of the locus into the inductive side of the Smith chart (see Fig. Ib) . Thus, the S

method is not adequate for predicting impedance variation with feed location .

This theory , based on a simple slot-transmission line model that cannot be applied to

geometries other than rectangles. This apparently has forced one author finally to follow the well

known cavity approach in his study of disk antennas 12). In these studies, it is generally assumed that

the field inside the antenna is approximated by the dominant mode of the cavity derived from the an-

tenna by inclosing its periphery by a magnetic wall. From this field , radiative and ohmic losses associat-
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~ ed with the antenna are approximated together with stored energies. The conductance, G, and quality

factor, Q, are computed at resonance and the impedance is found from lI Z  — [1 + jQ (f ~,/J — J/J ~) 1

where Jo is the resonant frequency. This approach also yields loci which are symmetric about the real

axis of the Smith chart and hence do not accurately represent the impedance of the antenna at all feed

points.

A third method (41 models the microstrip as a grid of wires and solves the resulting structure

numerically. While this method seems to be somewhat more accurate and general , it is more costly to

apply than necessary for most practical microstrips and provides little physical insight into the operation

of these antennas.

A fourth method (51 replaces the antenna initially with a cavity as in the second approach dis-

cussed. However, in this case, a full modal expansion of the fields is applied . It is the neglecting of

the non-resonant modes that causes much of the error in the first two methods. Inclusion of the effects

• of these modes yields computed loci which are shifted into the inductive side of the Smith chart , in

agreement with the experiment. However, the approach used in (51 suffers some difficulties of its own

when the dominant mode is not excited strongly enough . This paper is intended to provide a simple

improvement to this theory which not only yields accurate results at any feed location, but also im-

proves the computational efficiency. In addition , some applications of this theory to impedance match.

ing, multiport analysis, and production of circularly polarized patterns are presented. It will be seen

that in these applications, because of the strong frequency sensitivity, generally an accu rate theory is

needed. The excellent agreement with the experiment seems to suggest the validity of the theory .

II. THEORY

By assuming that the perimeter of the microstrip antenna can be inclosed in a perfect magnetic

wall without much disturbing the field structure, one can expand the fields in modal functions th ,,,, (5).

a As an example, consider the rectangular microstrip shown in Fig. 2. The z directed electric field can

3
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- . - thus be written as

00 4mn (ZY) 0bmn (X
~Y

’) 
. mir dE=jk o,jo~~~~ ‘2  ‘ 2  Jo( , -) (I)

m—On—O — 

~
1mn

where k2 — s ,( I—j 8) k ~, k0 — 2irf/ v, ‘
~ 
= frequency, y — speed of light , e , — relative dielectric constant,

8—loss tangent of dielectric , ,
~~~

= 37711, k,~, (m ir/ a) 2 + (nir/ b) ’ , j 0(x) sin(x)/x,

cbmn (X ,Y) — 

~ 
cos(mlT x/ a)  cos(nir~y / b) , 

~Om I for m— O and 2 for m�O, and dis the “effective

width” of a uniform strip of z directed source current of one amp. (The concept of effective feed width and its im-

plications are discussed later). The inner series in ( I )  can be ,ummed in closed form. This is equivalent to the

mode-matching approach 151. Once the field distribution has been obtained , a magnetic current source.

K(x,y) — ñx~E(x,y) at the perimeter , with unit normal ñ , is defined. This source is allowed to radiate into

space. The far field is computed for simplicity under the following additional approximations which have proven

- 
I 

~o give accurate results: a) Radiation due to electric surface currents induced on the patch and ground plane is

S negligible. b) The influence of the dielectric substrate on the radiation pattern can be ignored . c) The magnetic

current ribbon is replaced by a magnetic line current on the ground plane of 1K. The surface wave trapped by the

dielectric substrate is also computed from K. From these, the radiated power P~~, and the surface wave power
S 

~~~ are found . Also, within the interior of the antenna , the power lost in the copper walls Pa,, can be approxi-
‘ I mated as usual by assuming the currents that actually flow are the same as those under the condition of lossless

walls. Finally, the power lost in the dielectric, Pd. within the antenna is easily computed .

From these losses, the input impedance, Z, can be computed by

liZ (P+j2w ( WE— WM)J/ I V~
2 (2)

where P — Pd + i’~ + ~~ + P~~, WE = time-averaged electric stored energy , WM time-averaged magnet-

ic stored energy, V — driving point voltage = rE averaged over the feed strip, 1=  dielectric thickness, w = 2,rf

If one were dealing with an ideal cavity, (one with no copper loss though perhaps with dielectric loss),

5
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the impedance could also be computed by the expression

z —  EP +j 2w (WM —WE ) J/ 1 112 (3)

or

Z — — V / I  (4)

S where I the total input current. However, in the case of microstrip antennas analyzed by the procedure just

descri bed , equations (2), (3), and (4) give different results. In fact, only equation (2) yields useful results, and

then only for cases where excitation of ‘he dominant mode is sufficiently strong. When this is not the case, equa-

tion (2) also fails. The reason for this failu re and inconsistency can be traced to the fact that additional losses

~~~ Pc~. and ~~ are only partially accounted for in equations (2) and (3) and not at all in equation (4) since E
(and thus I’) as given by equation (I ) does not depend on all these losses. In order for all these expressions to

agree, the poles of Em equation (1) must be modified to account for these additional losses.

S It seems reasonable to modify the locations of the complex poles by some means so as to make all three

expressions, (2), (3), and (4) , coincide. This can be done by lumping all losses into a single 0effective dielectric

loss0 with effective loss tangent 8ett~ Thus, in equation (I) and all the expressions for P, WE, and WM, the corn-
plex wave number k would be replaced by an effective wave number

k~1— .
~/ ( ,(l —j 8~ff) k o.

The question now becomes how to compute 8~~. A simple method is given below.

• In an ideal cavity, the loss tangent is related to the quality factor , Q, by 8 — 1/Q. Therefore one can
define 8eff = l/Q — P/(2w WE). Since WE and P depend on 8~ in a very complex manner , strictly speaking,
the solution of 8eff to this non -linear equation is very involved. Fortunately, in the present computation , an accu-

rate value of Qcan still be obtained even though WE and Pare computed by simply using k for k~ff. This can be
explained as follows . At resonance of say the m— Al, n—N, mode, the E field, as clearly seen from equation (I),

6
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is dominated by the MMh modal term. Thus WE and P will assume the following form:

2w WE — 
~k

2—k 1,Nl2 
+ a, P — 

l k 2—k2~Nt2 
+ Re{ k2—.k~ N J + b

The coefficients , a , (3, and y , and the contribution due to terms of all other (non-resonant) modes, a and b, can

be derived from equation (I ) . They are somewhat lengthy but can be obtained in a straightforward manner and

therefore are omitted for brevity. Thus near resonant frequencies ,

8eff ”’” I/Q — 
2WWE 

= + 0(k2 kidNI)

This result indicates that in a moderately high Q cavity, the exact value of k is not needed for evaluation of Q.

Therefore it suffices to compute for frequencies in the region of each resonant mode the value of 8eff ( i .e. a , (3

with the aid of ( 1)) it the resonant frequency only. With 8eff thus determined , the impedance locus can be

efficiently computed by use of (4) and (I). S

A parameter described as the “effective width” of the feed was employed in equation (I). For the case of

a microstrip antenna fed by a strip line on its perimeter , the effective feed width is taken to be the physical width

of the strip. However, if the microstrip is fed at a point interior to the patch by a coaxial cable, it is still con-

venjent to think of the antenna as being fed by a uniform strip of vertically oriented electric current. However,

due to the complicated fringing in the vicinity of the feed, the width of this ~equivalent” feed will be different from S

the diameter of the center conductor of the coaxial feed. It is found that the impedance locus is unaffected by the

orientation of the feed strip. Thus, in the rase of the rectangle, the strip was always taken parallel to the x axis.

In the disk, the strip was taken as a segment of the circle coaxial to the disk passing through the feed point. How-

ever, the degree to which the computed impedance locus is shifted into the upper half of the Smith chart is depen-

dent somewhat on the actual width chosen for this effective feed. In general the narrower the feed, th e more in-

ductive the locus. At present, the effective width of the feed has been chosen by comparing the computed locus

to measured locus for a point on the microstrip. Once this effective width is chosen, it is used at any other feed

point in the antenna with good results as the next section will show. However , due to the difference in fringing

when a coaxial feed is located directly on the edge of the microstrip than when in the interior , a separate effective
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width should be determined for the former. In the case of the rectangular microstrip experiments carried out by

the authors, an effective width of five times the diameter of the coaxial feed cable center conductor was used.

Clearly this complex problem deserves a more rigorous and detailed analysis in its own right. This is currently

under study by the authors .

HI . IMPEDANCE VARIA TION

This theory has been applied to study the variation of impedance with feed location for rectangular and

disk microstrip antennas. Figures 1 and 3 show the respective results of the theory compared with the measure-

ments. As can be seen, i n all cases, both the shape of the locus and the distribution of frequencies on the locus

(thus the (~ 
are in good agreement with the experiment. (It should also be noted that the frequencies have been

corrected for the fringing field effect by edge extension using the formulas by Hammerstad 161 and Long and Shen

171 for the rectangular and circular microstrips, respectively.)

It is also clear from these two figures that the impedance locus can be varied over a wide range by simply

changing the feed location. Since the pattern of the antenna is dependent mainly upon the field structure of the

dominant mode only, the impedance can thus be varied for matching purposes independently of the pattern . The

results also indicate that by using the appropriate effective feed width the theory can predict the locus very accu-

rately for any feed location inside the antenna.

An observation of equation ( I )  shows that the antenna , so far as its impedance is concerned, can have a

simple network representation. Define for convenience 0-a ma = ~~~~~~~ Then the impedance can be written as

2 ~ . mird
~~ 

_  4i,,,,, (x ,y )jJ (—h——) =Z ”j w  2 . (5) .5• a , m.n—O CO ma — 

~l J&~fl ~W m,,,—O j wC,~, — J + G,,,,,((&i)wLmn
S 

where

Gm,, (as) — w8eWa mn. 4,,,, — a ~~~~~~~~ Cm, — 1/am,,,

and

The microstrip antenna is typically narrow band. Thus, over the band of the antenna operation at any mode

_ _ _ _ _ _ _ _ _  

_ . -~-~~~
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(M,N) , Gm,,(w) can be approximated simply by Gm,,(UMN). Thus, equation (5) represents a Foster expansion

of a driving point impedance function. Since L,,,,—”O with increasing modal indices (m,n) , the infinite number of

high-order Foster sections can be simply combined to form a single series inductance as shown in Fig. 4a.

A simpler alternative representation that would be adequate for frequencies near resonance of a mode

(M,N), but sufficiently away from all other resonances, is to write Z as

jojZ a/4f,f 2 ~ ~ 2 + jwL
~~MN ~l J&efflCO

whereS 
-~

L’ - E 
am,,

(m.n)�( M,I V )  CO ma —

This yields the network of Fig. 4b. From this network it is seen that the real part of Z(w) attains its maximum at

resonance, w~~wMN. Moreover, the “resonant resistance” is given by

1 ~L0fl’2 
. mrr d

= 4~1.,w
(x ,y )j

~~ 
( ).GMN ~~ MN’ a,w M~ôe5 2a

This equation has been applied to circular disk and to rectangular microstrip antennas with excellent results. Fig.

ures S a and b compare measured and computed resonant resistance versus feed location for the first and second

resonant modes of a circular disk and rectangular microstrip antenna , respectively. It should be noted that these

circuit representations differ from those reported by others (1,2,31 which are based on the over-simplified slot- S

transmission line approach as indicated earlier .

IV . MLJLTIPORT ANAL YSIS

Once the antenna has been replaced by an idea l cavity with the appropriate loss tangent, it bec’~’mes a re-

Iatively simple matter to perform multiport analysis. Consider the rectangular microstnp with two feed points of

coordinates (x 1,y ,) and (x2.y2) for ports I and 2, respectively. The z parameters for the two port are simply

Is —i amp. • Zfl — 1/
21 
,,...u amp. 

S

po~12open ponlopen
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Thus, Z11 and Z22 are computed in precisely the same way as was the input impedance for the one port discussed

earlier. The mutual impedance, Z,,, is computed using

______________  
., mirdZ12 — ‘~‘4~0~’Z ~.2 — ~ .2 ~~~ 2ama

From the z parameters, the s parameters can be easily computed and compared with measured results as shown in

Figs. 6a, b, and c for the case of a rectangula r microstrip. It is seen that the agreement is excellent.

For some applications it is of interest to find the input impedance at one port white the other is loaded.

This would provide a means for tuning, matching, modifying patterns , or array formation. In particular, when

port 2 is shorted, the input impedance at port I can be computed from the following formula

z n zti ~~~~~~ . (6)z22

An application of this theory is made to a circular disk microstrip antenna fed along the edge. Due to circular

symmetry, the input impedance will be independent of the feed location as long as it is on the circumference.

Now if a short-circuiting pin is placed at some point on the circumference, the input impedance at the feed will

vary according to its relative position to the short. The computed Z,, loci from equation (6) for various angles

between the short and the feed are shown with the experimental results in Fig. 7. Once again, the close ~igree-

ment between the two supports the validity of the theory. This analysis can obviously be extended to any number

of ports for more complex array structures and even for systems with adaptive elements.

V. CIRCULAR POLARIZATION 
S

Circular polarization (CP) has been reported in a variety of microstrip antennas (8), (9), (101. Experi-

menta l work was recently reported (SI on a class of CP antennas derived from disk and square microstnp antennas

by cutting slots in their interiors or corners off their perimeters. In alt these antennas, the current theory provides

an explanation for the mechanism of antenna operation, and in some cases, provides a means for predicting the

necessary dimension needed for CP operation. This is important because CP operation is possible only for a very

narrow band of frequency and withou t a theoretical prediction, it would take many painstaking cut-and-trials for S
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reaching the correct dimensions.

Consider, as a first example, a nearly square microstrip of dimension a K b as shown in Fig. 8a. If

b+c—a where c/b<<1, then the resonant wave numbers of the mode (0,1) , k01, and of the mode (1,0), k 10,

will be very close to one another. In fact , they will be close enough to assume that the effective loss tangent is the

same for each of the two modes. Feeding the antenna at point I will excite the 
~~ 

mode but not 
~~~
. Feeding at

point 3 will excite ~ oi but not thio. Feeding at point 2 or on the diagonal drawn in Fig. 8a will excite a dominant

field proportional to ~~~~~~~~~ With a feed at point 4, the excited field will be proportional to 
~~~~~~~~~~~~~~

In the far field , in the direction perpendicular to the plane of the microstrip, the electric fields produced by 4~
and ~ ~ are polarized in the x and y directions, respectively, and can be written for appropriate choice of input

current magnitude and phase as

E . cos(irx’/a) E cos(iry ’/ b) (7)X k2 — k jj, ‘ “ k 2 — k~1

The contributions of the non-resonant modes are ignored in (7) for frequencies near the resonances of the two

modes. To obtain CP in the direction of the zenith, the ratio of E,~ to E~ should be etj ~ 2. Define

A_cos(iry ’/b)/ cos(ir x’/ a) . Then

(8)
k 2 — k~1 k —  k01

It is particularly illuminating to plot k, k01, and k 10 in the complex k plane as was done in Fig. 9. For E,~/EX to

be eJ T/2 , equation (8) requires that

— — k 10 — L(A + -s-).
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(The parameters kand L are defined in Fig. 9.) Thus, combining (9) with (10),

~ k ko, — k 10 ~ _ _ _ _

T ~~~~~~
For the case of the feed point taken on the diagonal of the microstrip, A—I and therefore

b

The sense of rotation of the CP wave produced by the antenna fed at point 2 will be left hand circularly polarized.

By simply feeding at point 4 instead, the sense is reversed.

For the antenna of Fig. Sb, the analysis follows along the same lines as that for Fig. Sa. However, in this

case, rather than using ~~o and ‘1)oi modes, ~~~~~ and ~ .‘_ are used with corresponding wave numbers k+ and k....

Of course, if the corners of the square microstrip are not trimmed off , then k+— k .  However, by trimming the

corners, k. is increased while k~ stays nearly constant. The precise amount of this shift has been estimated using

a perturbation formula I I I ) :

k .  k~ 2(a—a ’) sin (IT( a— a ’)/a)
k ITO

This formula is based on the assumption that the boundary condition along the perimeter of the microstrip is that

of a perfect magnetic wall. Although this assumption has proven reasonably applicable to the analysis of most as-

pects of microstrip antennas, it is not entirely adequate to predict the shift in poles in this critical application. It is

believed that the complicated fringing fields at the corners where the perturbation formula is applied make the ap-

proximation of insufficient accuracy in this application. However, one can experimentally refine the proper dimen-

sions by simply measuring the resonant frequencies corresponding to k~ and k_ by feeding at ports 2 and 4,

respectively. - -

The antenna in Fig. & operates by the same mechanism as that in Sa. In this case, however, the pole

k 10 can be varied by simply adjusting the capacitance attached to the antenna. (Since the capacitor is located at

y—b/ 2 , a null of the ~1)oi mode, k01, is unaffected by the capacitor.) If the range of capacity is large enough , and

a < b, one is able to adjust the antenna to produce fields of practically any polarization and sense. Thus the an-

tenna can be at one moment left hand CP, linear at the next , and right hand CP at some other time by simply

changing the capacitance (or the bias on a varactor diode). It should be noted that the capacitor could just as well

20
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have been located in the corner of the antenna in which case one would feed at points I or 3 to achieve CP opera-

lion.

Figures lOa , b, and c show the respective measured patterns obtained from the three antennas of Fig. 8.

The patterns are taken in a plane perpendicular to the microstrip and are measured with a rotating dipole. It is

clear that all three patterns yield excellent CP for a cone of large solid angle centered about the z axis.

Other structures that utilize a single feed point have been reported to produce CP. They are disk anten-

nas with slots [81 and a pentagonal shaped antenna 1101. These too are believed to operate by the same mechan-

ism as described for the rectangular antenna. Although all these antennas are able to produce good CP without

the need of an external phase-shifter and power divider , a di stinct advantage, it is clear from the theory given

above that their CP operation is extremely narro w band. Figure I I  shows the degradation in axial ratio with nor- S

malized frequency defined as

U W  where~~ — w k
woI — w lo S

Thus, for an axial ratio within 3 dB (at zenith ) which would produce a polarization mismatch loss of less than 1/4

dB with respect to CP, one is limited to a bandwidth of about 35% of the frequency difference between the two

dominant poles or about 35/ Q percent bandwidth. Typically, Q is on the order of 50- 100 so that the bandwidths

of less than 1 percent are to be expected thus limiting the usefulness of this method of producing CP.

S 

Vi. CONCLUSION

A simple and efficient theory is established to analyze the behavior of microstrip antennas with remark-

-
~ able accuracy even if the dominant mode is not strongly excited. Several important applications which require a

theory of high accuracy are presented. The input antenna impedance can be varied over a wide range for match-

ing purposes simply be changing the feed location. The confidence in the theory is particularly strengthened when

it predicted correctly the extremely critical antenna dimensions for producing circular polarizations. The theory is

S also applied to multipart antenna configurations. For nearly all the cases considered , theoretical and experimental
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results are found in remarkably good agreement.
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